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Motivation

Trauma.center Heart
rate Death Anticoagulant.

therapy
Glascow
score

Pitie-Salpêtrière 88 0 No 3
Beaujon 103 0 NA 5
Bicêtre NA 0 Yes 6
Bicêtre NA 0 No NA
Lille 62 0 Yes 6
Lille NA 0 No NA

...
...

...
...

Different sources of missing values (Not Available(NA)):
Bugs/ Sensors failures
Costs
Sensitive data
Data merging
No time to measure in an emergency situation
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Notation

Let an observation with missing values (Xobs(M),M ,Y ) be:

Missing value pattern M ∈ 0,1d such that

Mj = 1 ⇐⇒ Xj is missing.

obs(M) := j ∈ 1, dMj = 0 .
Xobs(M) observed covariates.
Y ∈ −1,1 the label (always observed).

Example:

X = (6,3,NA,3,NA),
M = (0,0, 1,0, 1),

obs(M) = (1,2, 4 ),

Xobs(M) = (6,3, 3 )
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Supervised learning with missing values:
Classication

Complete data case
• Dataset: Dn = (Xi ,Yi), i ∈ 1, n
• Misclassication probability:

Lcomp


hcomp


:= P


hcomp(X ) ̸= Y




Incomplete data case
• Dataset: D⋆

n = (Xi ,obs(Mi ),Mi ,Yi), i ∈ 1, n
• Misclassication probability:

L

h

:= P


h(Xobs(M),M) ̸= Y



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Missing values mechanism

Assumptions on M  X ,Y Rubin [1976]:
MCAR (Missing completely at ran-
dom).

M ⊥⊥ X ,Y 

MAR (Missing at random).

∀m ∈ 0,1d ,

P(M =m  X ,Y )=P

M =m  Xobs(m)




MNAR (Missing not at random). M
depends on the full vectors X and Y .

MNAR

MAR

MCAR
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Pattern-by-pattern Bayes predictor

Proposition
The Bayes predictor is given by

h⋆(Xobs(M),M) := sign(E

Y  Xobs(M),M


)

Pattern-by-pattern decomposition:

h⋆(Z ) = h⋆(Xobs(M),M) = ∑
m∈0,1d

h⋆m(Xobs(m))1M=m

with

h⋆m(Xobs(m)) := sign(E

Y  Xobs(m),M =m


)

Angel REYERO (IMT & Inria Paris-Saclay) Classication with NA June 5, 2025 9 / 27



Problematic: prediction vs model inference

Estimation via MLE using EM algorithm (Dempster et al. [1977]).
(!) Missing values in the training set and in the test set

✗ Estimating the underlying model does not help for prediction:

E[Y  X ] = fβ (X ) ⇒ Y ̸= fβ (Xobs(M))

We need to design predictors handling missing entries:
• Impute-then-predict (Josse et al. [2019], Le Morvan et al. [2021]).
• Pattern-by-pattern decomposition (Ayme et al. [2022]).

(!) The pattern-by-pattern Bayes classier may not conserve the
model structure on the observed covariates.

E[Y  X ] = fβ (X )
?⇒ E[Y  Xobs(M),M] = fβ ′(Xobs(M),M)

✓ (Linear model) Morvan et al. [2020]
✗ (Logistic model) This work.
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Perceptron

Lemma
If a P-b-P approach with linear classiers is not Bayes optimal, then
constant imputation with linear classiers is not Bayes optimal.

To ensure the convergence of the p-b-p perceptron, we need the
linear separability (Novikoff [1962]).

Lemma
Linear separability of complete data does not imply that of incomplete
data.

✗ The p-b-p and constant imputation are not Bayes optimal.
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Logistic regression

Assumption (Logistic model)

Let σ(t) = 1(1+e−t). There exist β ⋆
0 ,    ,β

⋆
d ∈R such that the

distribution of the output Y ∈ −1,1 given the complete input X
satises P(Y = 1X ) = σ(β ⋆

0 +∑d
j=1β

⋆
j Xj).

Proposition
Assume M ⊥⊥ X ,Y (MCAR) and logistic model for complete data. If
the logistic model holds on the missing pattern M =m for m ∈ 0,1d ,
i.e. there exist a vector β ⋆

m ∈Robs(m)+1 such that

P

Y = 1  Xobs(m),M =m


= σ


β ⋆
0,m+ ∑

j∈obs(m)

β ⋆
j ,mXj




Then, for all j ∈mis(m), β ⋆
j = 0.

✗ The p-b-p and constant imputation are not Bayes optimal.
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LDA in the complete data case

Assumption (Balanced LDA): X  Y = k ∼N (µk ,Σ),
P(Y = 1) = P(Y =−1).

Proposition
The Bayes predictor reads as
h⋆(x) = sign


(µ1−µ−1)

⊤Σ−1

x − µ1+µ−1

2



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LDA in the missing data case

Proposition
Under the LDA model with MCAR inputs, the p-b-p classier is

h⋆m(xobs(m)) =

sign


µ1,obs(m)−µ−1,obs(m)

⊤
Σ−1
obs(m)


xobs(m)−

µ1,obs(m)+µ−1,obs(m)

2



✓ P-b-p is Bayes optimal!
✓ They are the projected parameters!

Proposition
Under the LDA model with MCAR inputs, constant imputation is
optimal only if Σ diagonal.
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Experiments
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(d) Logistic+MNAR

LDA-MCAR

0-imp+LDA

ICE-imp+LDA

pbp LDA

0-imp+Perceptron

ICE-imp+Perceptron

pbp Perceptron

0-imp+LogReg

ICE-imp+LogReg

pbp LogReg

Figure 1: Excess risks of several classiers on generated data (LDA or
Logistic framework) with Σ= Id and MCAR or MNAR missing mechanisms.
Dotted lines stand for the Bayes risk Rmis(h⋆mis).
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Take-home message

Scarcity of methods for prediction with missing values
⇒ p-b-p decomposition
On the perceptron:

• P-b-p linear separability not preserved in general ⇒ imputation and
p-b-p do not work.

On the logistic regression:
• Logistic model assumption not preserved ⇒ imputation and p-b-p

do not work.
On the LDA(with MCAR):

• It accepts p-b-p decomposition!
• Imputation only valid with Σ diagonal.
✓ Other nite-sample analyses for parameter estimation and MNAR

data are readily available (see Reyero Lobo et al. [2025]).
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Thank You, Questions?
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Experiments
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(a) LDA+MCAR
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(d) Logistic+MNAR

LDA-MCAR
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pbp Perceptron
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Figure 2: Excess risks of several classiers on generated data (LDA or
Logistic framework) with Σ= Id and MCAR or MNAR missing mechanisms.
Dotted lines stand for the Bayes risk Rmis(h⋆mis).
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Experiments
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(d) Logistic+MNAR
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pbp Perceptron
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Figure 3: Excess risks of several classiers on generated data (LDA or
Logistic framework) with Σ= 06i−j i ,j∈1,d and MCAR or MNAR missing
mechanisms. Dotted lines stand for the Bayes risk Rmis(h⋆mis).
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