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Abstract

Variable importance aims to assess the relevance of each input feature in predicting the
output. Traditionally, variable importance has been a heuristic and non-rigorous methodology,
often applied at the end of the machine learning pipeline to provide an idea of feature relevance.
Furthermore, it has typically been model-dependent, making comparisons of feature importance
across dierent algorithms impossible. Additionally, common variable importance measures
struggle in the presence of correlated and high-dimensional settings.

This work aims to establish a more rigorous framework that oers a model-agnostic measure
to address these gaps in the literature. First, we present a detailed comparison of the commonly
used measures and algorithms. Then, we explore the connection between two key approaches:
a permutation-based method and a removal-based method. The permutation-based approach,
which includes a conditional sampling step, is computationally more feasible than the removal-
based method, and we outline the assumptions under which this conditional step is valid. This
provides a more stable method without the inference issues of the removal-based approach.

Finally, we turn to controlled variables selection. In the eld of variable importance using
global sensitivity analysis, it is common to heuristically suppress some covariates to obtain a
minimal set of important variables, often without statistical guarantees. Furthermore, traditional
conditional permutation importance only provides type-I error control, which is insucient for
high-dimensional settings. To address this, we propose a new modied version of conditional
permutation importance within the knocko framework that is capable of controlling the False
Discovery Rate.

Keywords:  ,   ,  ,  
, ,   (FDR).

Notations. W      (ab := (a, b))     (ab := (a, b)).
Xj   j-      X  p . X−j  

 . S  s ⊂ 1,    , p    , Xs    s
  X  X−s   .

W  ν−j(X
−j) = E


Xj X−j


     j-   X−j  

m(X) = E [yX ]  m−j(X
−j) = E


yX−j


    y  X  X−j .

W       .
F    X   y, X(j)       −j- 

    j-          

   . T, X−j = X(j)−j , X(j)j ⊥⊥ X−j  X(j)j iid∼ Xj . O
  , X(j)        j-   
  . T          j- , 
              .
N,       X−j , Xj  X(j)j   

  (Xj iid∼ Xj X−j). I  ,      y  . T,

     ,   −j  , .. X−j = X(j)−j = X(j)−j ,   
j-   .

W 
d
=     . F s ⊂ 1,    , p, (X, X)swap(s)   

     Xj  Xj  j ∈ s.
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1 Introduction

D        ,      
 black-box       . T     
    . F ,       ,  
               
      . T        
    . S,     ,    
            . T,   
    .

O   ,        
           . M 
      ,       
       . F ,     
        ,       
          .

T            
       ,  , 
   . T      S 1.2.

1.1 Motivation

T         . I,       
 ,       . I  ,      
             .

Model-agnostic approach: A       - 
,             
. F ,   ,        
     . S,  - , -
             .

A,     -  model complexity  model transparency, 
      ,       . H, 
-              
. I ,     -     
 . A   F 1,           
         - . T, 
   - .

Computational feasibility: S       T S I
          . H,  
        . F ,   
             
 ,         . T   
   LOCO       .

O ,   S ,        
,       . A  ,     
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F 1: G ntrain := 30     y = (X)(−X2)   
. I          
; ,    model-agnostic       
 .

             
     - ,   - .

Statistical control: S       factor screening,  
           ( B (2001); B́  .
(2022)). H,             
. F,      ( C  . (2023), W  .
(2021)),     -I  ,     -
 ( G (2021)).

Correlated settings: N           (
V W (2023)),         ( M
 . (2021)). F ,          
       . T   ,    
. I  ,          .

1.2 Variable importance VS Feature importance

T          . W 
variable importance,             - 
    ,            .
T,          ’ ,    
 interpretable AI      - . T   model-agnostic
             .
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O   , feature importance         
. I        . T      
      . I      AI 
  AI to interpret. T,    model-agnostic         
            .

W        . F ,      
  . A        ,  
         ,         
     . T,       
     ,         .
I  ,              . T 
          ,        
     ,     ,      
. W   - , ..   ,    
.

A    M  . (2021)       
       . I  ,    
               .

1.3 Marginal vs Conditional approach

R        . F , 
        ,     
      given the others. A   ,     
,     . O,     , 
            
.

A   C  . (2017),        
     . F ,    , 
    ,          
 ,              
   ,    . M,     

   . F ,    X1, X2
i.i.d.∼ B(05)

  Y = 1X1+X2=1,    ,     .
T       . F ,     , 

 - ,          
      . I  ,      
      . T,       
   .

F    ,      .

1.4 Setting

W        ,  y ∈ R. F     
       .

W      y          , 
         X.

Assumption 1 (A ). G y ∈ R  X ∈ Rd, y = m(X) + ϵ  ϵ ⊥⊥ X  E [ϵ] = 0.
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T              
 . W  ,  ,   ,       
y        X ( S  . (2016)),     
.

A  ,   m  ,         

 . W        (Xi, yi)
i.i.d.∼ P0  i ∈ 1,    , n. T

     ,  -    :   
     ,             
     .

1.4.1 On the assumptions of permutation approaches vs removal approaches

A    ,             j. B
          ( C  . (2020)). F
      ,     , 
     pν−j  X

j  X−j . I ,   ,    
 pm−j   y   X−j . T     ,    
        ’   ,     
       .

I ,       burden of knowledge,      
M-X  ( C  . (2017)). I      
  y  X,       y  X−j ,    
  X,           . B  ,
     ,    pm,      ,
 . W       ,    ,   
  pν−j .

A   C  . (2017),        :

• W               
. T  ,  ,      ,    
 .

• W      ,      , 
 ,     ,   .

• W            ,  
      . F ,     
  (SNP)     .

T,              
 y  X ,        . H,    
         y    X  
           X−j . F ,  
  ,            y (
L  . (2024)).

1.4.2 Conditional null hypothesis

W           ,      
   ,          . T
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      -. T  ,      
       ,         
. T        ( C  . (2017))
   ( V  W (2023)). I,    
. I ,         ,   
      . U  ,    , 
      :

Denition 1.1 (C  ). A  Xj       
   y     X−j     y    Xj 
 X−j . O,      - .

W              m, 
        ,      . T
 ,      F := f : Rp → R,     F−j := f ∈ F : f(u) =
f(v), ∀u, v ∈ Rp  u−j = v−j.

Lemma 1.2 (C  ). Under Assumption 1, the j-th covariate is independent
of the output y conditionally on the rest of covariates if and only if there exists a measurable function
m−j ∈ F−j such that m(X) = m−j(X

−j).

Proof. F,   m(X) = m−j(X
−j),  ,  Y = m(X)+ϵ = m−j(X

−j)+
ϵ. T,   ϵ    X   m−j(X

−j)    
X−j ,  y ⊥⊥ Xj X−j .

T    ,    

E

y2X−j


= E


(m(X) + ϵ)2X−j


= E


m(X)2X−j


+ σ2,

  ϵ      X. O   ,     
     ϵ      X 

E

y2X−j


= E


y(m(X) + ϵ)X−j



= E

yX−j


E

m(X)X−j


+ E


yϵX−j



= E

m(X)X−j

2
+ σ2

T,          E

m(X)2X−j


= E


m(X)X−j

2
.

W   J’           
. T, m(X)  σ(X−j)-       
   m−j   m(X) = m−j(X

−j).

2 Related work

I  ,           .
T       ,         
         . T    
          . O    
     ,    - . H, 
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- ,     ,     
      .

O            
      ,   - . H,
     . I   ,    -
,   - .

2.1 Variance-based global sensitivity analysis literature: LOCO

S              .
S,        ,    
    . V-        
         . H  S (1996) 
 -      . T    - , 
       . M ,    :

Denition 2.1 (F- ). F  j ∈ 1,    , p  (X, y) ∼ P0,

ψmarg(j, P0) := V(E

m(X)Xj


) = V(m(X))− E


V(m(X)Xj)




W  ,    ,        
. F  ,         :

Denition 2.2 (T ). F  j ∈ 1,    , p  (X, y) ∼ P0,

ψLOCO(j, P0) := E

(y −m−j(X

−j))2

− E


(y −m(X))2


(1)

= E

(m(X)−m−j(X

−j))2


(2)

= E

E

(m(X)− E


m(X)X−j


)2X−j


(3)

= E

V(m(X)X−j)


 (4)

W      (1)  (2)     A 1,     (2)  (3) 
  T’    m−j(X

−j) = E

yX−j


= E


E [yX ] X−j


= E


m(X)X−j


.

W      - ,      S 
( B́  . (2022))   LOCO (L O C O / L O C) (
W  . (2021), V W (2023)). I       
 ANOVA,      :

ψLOCO(j, P0) = E

(y −m−j(X

−j))2

− E


(y −m(X))2



= V(y)


1− E


(y −m(X))2



V(y)


−

1− E


(y −m−j(X

−j))2


V(y)


,

   R2        . I  ,   
    LOCO.

LOCO      ,        
    . H,  LOCO    . A 
-    . O   ,      ,
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          ,   . O   , 
       ( W  . (2021)).

F, -     -      -
      -   (2) ( W  . (2021)).
T -        -  (1). I , 
       ,   m−j      (X, y)
   (X, pm(X)). E    ,     , 
  S 3.4,       .

M,  -        . S  LOCO  
  ,         ( W  .
(2021), V  W (2023)). W  . (2021)    -
   -,   ,        (1)
,         ,    . H, 
,       ( S 3.4).

2.2 Shapley values

M              
            .
C      . H,       .
I,       ,     LOCO
      . T  ,   ,
     ,     . T  , 
      S ,     O (2014)   .
T            ’ . I  
 all covariates vs. all covariates without the one being measured, S  
             
        . M :

Denition 2.3 (S ). F  j ∈ 1,    , p  (X, y) ∼ P0,

ψShap(j, P0) :=

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T,    S       LOCO   
,      . H,   
  . N          ,   
            . I
,        ,  W  F (2020) 
         .

T         ,     M
C  ( L  L (2017), W  F (2020)). F , B́
 . (2022)   M C    ,    
         R F. T   
    ,       ( S
 . (2016)),  ,  SHAFF     ( B́  . (2022)).
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N, S     ,   - -
     -  ( K  . (2020)). M,
   LOCO  S    ( V  W
(2023)).W      S       LOCO 
,     . A   V  W (2023),   
        ,       .
I  ,       ,     , 
 . O          , 
     ,         .
F, S          .
H,           .

F,           ’    
   . T         ,   
              ( V
 W (2023)). N        m   y  X
    ( K  . (2020)). A, S     
. F  , V  W (2023)    
   ,      ’    
     . T       
,      ,          
,      -,    . A    ,
       P F I (PFI)  B (2001) 
.

M,      LOCO  S    V 
W (2023)            . I  
( S 1.4),    ,          LOCO  
      .

T          . I  
,    - ,        
    ,       .

2.3 Permutation Feature Importance(PFI)

O         j     
. T       ,     , 
          . T     
   . I ,     

pψPFI(j, P0) =
1

ntest

ntest

i=1


(yi − pm(x

(j)
i ))2 − (yi − pm(xi))

2

, (6)

  j-     .
T      M D A(MDA). T,    

  :

Denition 2.4 (PFI). F  j ∈ 1,    , p  (X, y) ∼ P0,

ψPFI(j, P0) := E

(y −m(X(j)))2


− E


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
 (7)
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A         ,  M  . (2021)  
   ,     . B́  . (2022)  -
       R F,    
    . T  ,  ,      
         O-O-B (OOB) ,    
        . T     
 PFI (7)   . I      . T  ,  
,     S  ψLOCO   D 2.2. T 
     S ,         
 . L,         ,    
 . O,         ,   
S-MDA,        S    .

A,       j,      Xj

 X−j  ,      . I     
 ,               
   . M,          extrapolation
bias,          ,      - 
     ( C  . (2023), V  W (2023)).
F ,                 .
T,               
                 
.

2.4 Conditional Permutation Importance(CPI)

I  ,       C  . (2023). W  
   j,           
        . T  ,   
. T    Xj  X−j        
. M ,    xi,    xl,    

 j    x(j)
i ,         j- ,  

  x(j)j
i = pν−j(x

−j
i ) + (xj

l − pν−j(x
−j
l )). T       

   Xj  X−j      . O    
    ,      

pψCPI(j, P0) =
1

ntest

ntest

i=1


yi − pm(x(j)

i )
2

− (yi − pm(xi))
2


 (8)

T        :

Denition 2.5 (CPI). F  j ∈ 1,    , p  (X, y) ∼ P0,

ψCPI(j, P0) := E

(y −m( X(j)))2


− E


(y −m(X))2


, (9)

 X(j) ⊥⊥ XX−j , X(j)−j = X−j  X ∼ X(j).

W    (9)          LOCO    .
T         S 3.2.
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PFI vs CPI: B PFI  CPI  - . C  . (2023)
    PFI    ,      
   CPI          . H, 
      ; ,       
 . I,         .

example 2.6 (PFI  CPI). Given a linear model y =
p

i=1 βiX
i + ϵ where ϵ is centered, with

variance σ and independent of the covariates, we observe that

ψPFI(j, P0) = E

(y −m(X(j))2


− E


(y −m(X))2



= E


(

p

i=1

βiX
i + ϵ−



i̸=j

βiX
i − βjX

′j)2


− σ2

= E

(βjX

j + ϵ− βjX
′j)2

− σ2

= β2
jE

(Xj −X ′j)2


(  Xj i.i.d.∼ X ′j)

= 2β2
j σ

2
j  (10)

On the other hand, we also have

ψCPI(j, P0) := E

(y −m( X(j))2


− E


(y −m(X))2



= E


(

p

i=1

βiX
i + ϵ−



i̸=j

βiX
i − βj

X(j)j)2


− σ2

= E

(βjX

j + ϵ− βj
X(j)j)2


− σ2

= E

(βjX

j − βj
X(j)j)2



= β2
jE

E

(Xj − X(j)j)2X−j


(  Xj i.i.d.∼ X(j)j X−j)

= 2β2
jE

V(Xj X−j)


 (11)

We observe that if the j-th column is independent of the rest, then both quantities coincide, and
both estimates should converge to the same value. However, this is usually not the case. For instance,
in highly-correlated setting, (11) vanishes while (10) remains constant.

Conditional sampling: W       X(j)    
    Xj X−j . T     . M,    
               
    C  . (2023). F  ,  S 3.1,   
          .

Type-I error control: T       ,   
,       -          .
T        T 1  W  . (2021),  
       . T,    
           .

13



T,          -  -
 . M,         -I 
,      . T     -
,               (
G (2021))      .

3 First internship contribution: Theoretical analysis of CPI

A  ,  LOCO  CPI     ,  
         . H,     
    . E      ,    
-  - . F ,       
LOCO (     T S ),  -   
        ,       CPI.
T              ,   
             
   .

T  ,          CPI   
       S 3.1. T,  S 3.2,     
  - ,    LOCO    CPI. I
S 3.3,   Robust-CPI,  -    
LOCO,            
 . F,  S 3.4,      
-         .

3.1 On the conditional sampling: the theoretical framework to establish
the validity of the sampling step

T       C  . (2023)(S 2.4)
      B  . (2024)      
    - ,        
,        . H,   
      . E  G ,  
     ,         
     ,       ( B  .
(2024)). A     P  . (2021),   ,
           . A , 
 C  . (2023),             
  Xj    X−j . T , ,    
         ,   ,    
   -         relevant . A
   ,   ,       . F,
 ,            
 ,   . C,     - 
,   ,    ,      . O   ,
  ,             .

M,       -   ( S  .
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(2020)). O   ,           
   ,         . I  , 
         . W    
  pν−j   Xj  X−j . F,  S 3.1.1,   G,
              
   S 3.1.2. F,  S 3.1.3,       
             pν−j

 .
W    X,X ′  ...    pν−j    X

j  X−j ,
X(j) ∈ Rp   

X(j),lX =


X l  l ̸= j

pν−j(X
−j) +


X ′j − pν−j(X

′−j)

 l = j

(12)

3.1.1 Assuming Gaussian input

W          G .

Assumption 2 (G ). X ∼ N (µ,Σ).

F,     X  G,       G, ..
Xj X−j = x−j ∼ N (µcond,Σcond)  µcond = µj + Σj,−jΣ

−1
−j,−j(x−j − µ−j)   Σcond =

Σj,j − Σj,−jΣ
−1
−j,−jΣ−j,j . F         ,   

      CPI       .

Lemma 3.1 (CPI    G ). Under the Gaussian covariate assumption

(Assumption 2) and ignoring the estimation error of pν−j , X(j)j X−j = x−j is independently sampled
according to the conditional distribution Xj X−j = x−j .

Proof. F,        G ,    Xj X−j = x−j ∼
N (µcond,Σcond)  µcond = µj+Σj,−jΣ

−1
−j,−j(x

−j−µ−j)   Σcond = Σj,j−Σj,−jΣ
−1
−j,−jΣ−j,j .

W    X(j)j X−j = x−j    ν−j(x
−j) +


Xj − ν−j(X

−j)
perm

=

E

Xj X−j = x−j


+ (Xj − E


Xj X−j


)perm.I,       

   j        ,   
         . W    
          ... .

W               
    E


Xj X−j = x−j


= µcond.

N,               
G   Σcond,  ,      ,    
. F,   

Xj − E

Xj X−j


= Xj − µj − Σj,−jΣ

−1
−j,−j(X

−j − µ−j)

T,          G   G. W 
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    . F,     

V(Xj − µj − Σj,−jΣ
−1
−j,−j(X

−j − µ−j))

= V(Xj) + Σj,−jΣ
−1
−j,−jV(X

−j)Σ−1
−j,−jΣ−j,j − 2E


(Xj − µj)Σj,−jΣ

−1
−j,−j(X

−j − µ−j)


= Σj,j + Σj,−jΣ
−1
−j,−jΣ−j,j − 2Σj,−jΣ

−1
−j,−jΣ−j,j

= Σj,j − Σj,−jΣ
−1
−j,−jΣ−j,j 

W      Σcond. T,

X(j)j 

X−j = x−j


= µcond + (Xj − E


Xj X−j


)perm ∼ µcond +N (0,Σcond)

3.1.2 Towards a more general assumption

W    G    . I ,     
           ,  
   X−j    Xj    .

Assumption 3. F  j ∈ 1,    , p        ν−j  
Xj = ν−j(X

−j) + ϵj  ϵj ⊥⊥ X−j  E [ϵj ] = 0.

W               (A 1),
           y.

W     ν−j      

E

Xj
X−j


= E


ν−j


X−j


+ ϵj

X−j

= ν−j


X−j




T,             
   CPI  .

W     G  (2)     . T  , 
       

Xj = E

Xj
X−j


+

Xj − E


Xj
X−j




W   ν−j(X
−j) := E


Xj
X−j


 ϵj := Xj − E


Xj
X−j


. F   ϵj  .

T,      ,     G ,     
    :

E

ν−j


X−j


− E


Xj
 

Xj − E

Xj
X−j



= E

E

ν−j


X−j


− E


Xj
 

Xj − E

Xj
X−j

X−j


= E

ν−j


X−j


− E


Xj


E

Xj − E


Xj
X−j

X−j


= 0

T,     A 2  A 3.
F,       ,  CPI    

   :

Proposition 3.2 (CPI     ). Under Assumption 3 and ignoring

the estimation error of pν−j , X(j)j i.i.d.∼ Xj X−j = x−j .

Proof. W     X ′ i.i.d∼ X    X ′j − ν−j


X ′−j

 i.i.d∼ ϵj .

F,    Xj 

X−j = x−j


= ϵj + ν−j(x

−j)
i.i.d∼

X ′j − ν−j


X ′−j


+ ν−j(x

−j),
     CPI  , ..      
ν−j(x

−j)    ν−j       

X ′j − ν−j


X ′−j


.
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3.1.3 Empirical conditional distribution

W          ν−j       pν−j . H,
          ,      
    . T  ,     pν−j   , ..

E

pν−j


X−j


− ν−j


X−j

2→ 0

W    ,  R F       -
 ( S  . (2015)).

Proposition 3.3 (E  ). Under Assumption 3, if the regressor is consistent,
then the CPI sampler is going to asymptotically sample from the conditional distribution.

Proof. I          2-W     




Pθ∈Θ(µ,ν)


∥x− y∥2Pθ(, )

 1
2

,

 Θ(µ, ν)        µ  ν.
W  P      P 3.2     

E

Xj
X−j


+

X ′j − E


X ′j X ′−j


. W       pP := pν−j


X−j


+

X ′j − pν−j


X ′−j


. N,      :

W2(P, pP ) =




Pθ∈Θ(P, pP )



R2p×R2p

(x− y)2Pθ(, )

 1
2

≤


R2p


E

Xj
X−j


+

X ′j − E


X ′jX ′−j


− pν−j


X−j


−

X ′j − pν−j


X ′−j

2
PX()PX′(′)

 1
2

=



R2(p−1)


ν−j


X−j


− ν−j


X ′−j


− pν−j


X−j


+ pν−j


X ′−j

2
PX−j (−j)PX′−j (′−j)

 1
2

≤

E

ν−j


X−j


− pν−j


X−j

2 1
2

+

E

ν−j


X ′−j


− pν−j


X ′−j

2 1
2



W        0      .

3.2 LOCO vs CPI: Link between removal and permutation based ap-
proaches

W     LOCO  CPI         
   uniquely       . I  LOCO ,
          . I  CPI , ,
              
       . T     
       . S,    LOCO,
      S ,  P F I
(PFI),    M D A (MDA),    B́  . (2022) (
S 2.3). I  ,    ,  PFI,    
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LOCO      ,       S 
   .

W   ψCPI    (9)  E

(Y −m( X(j)))2


− E


(Y −m(X))2


,   

 

ψCPI(j, P0) = E

(Y −m( X(j)))2


− E


(Y −m(X))2



= E

(m(X)−m( X(j)))2



= E

E

(m(X)−m( X(j)))2X−j



= E

2E

(m(X)− E


m(X)X−j


)2X−j


(  X

i.i.d.∼ X(j)X−j)

= 2E

V(m(X)X−j)



= 2ψLOCO(j, P0)

T,      CPI    LOCO      2:

Denition 3.4 (0.5CPI). G   j,      ntrain     
 ntest,     pm  pν−j    ,      
 ,    LOCO    

pψ0.5CPI(j, P0) =
1

2ntest

ntest

i=1


(yi − pm(x(j)

i ))2 − (yi − pm(xi))
2



W            S 1.4.1. S,
   LOCO         y  X−j   
j. I,   Xj  X−j . T         y 
X          ,    
   ,         . B  
,    ,      LOCO     
         . T  
        ,         
      ,     .

3.3 Robust-CPI: a new approach to estimate LOCO

A  ,           LOCO    
      j    . S    
 ,    . M,      
       pm  pm−j . O       
    T : m−j(X) = E


Y X−j


= E


E [Y X] X−j


= E


m(X)X−j


.

T,       pm−j   ,       
    X−j       j-  
   :

1

ncal

ncal

i=1

pm

X(j)
i


,
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   i ∈ 1,    , ncal, X(j)j
i

i.i.d.∼ Xj X−j . T,      
ncal . I ,    1,     CPI,      
      ,  ncal   ,     .
W             ,  
    ,      . M,  
       CPI,     S 3.1,   
              . T
       . I    
          05 ∗ CPI. T  ,  
 ,           
  . B   ,       .

W       m−j       pm 
          . I,    
,  B     --. T    
               
( A  . (2022)    L  . (2024)  ). H,  
                
 ,          LOCO (    
    LOCO             
               ,  
 2d. T     S . M,     
        ,  ,      LOCO
  ). N,          
   . F , TNA ( M  M (2023))   
                
  . H,             
. T,           T’ 
   ,   :

pψLOCO′(j, P0) :=
1

ntest

ntest

i=1


yi −

1

ncal

ncal

k=1

pm(x(j)
i,k)

2

− (yi − pm(xi))
2
, (13)

 x(j)
i,k  −j-        x−j

i ,   j- 
    . I ,  A 3,  P 3.3,  
     :

x(j),l
i,k =


xl
i  l ̸= j

pν−j(x
−j
i ) +


xj
k − pν−j(x

−j
k )

 l = j

(14)

W       :

Proposition 3.5 (C  LOCO’). Under Assumption 3, assuming the consistency of the
regressors pm and pν−j , then

pψLOCO′(j, P0)
ntrain,ntest,ncal→∞−−−−−−−−−−−−−→ ψLOCO(j, P0)
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Proof. F  ,     A 3     pν−j ,    P-
 3.3             .
T,     pm   LLN,    

1

ncal

ncal

k=1

pm(x(j)
i,k)

ntrain,ncal→∞−−−−−−−−−→ E

m(X)X−j = x−j

i


= m−j(x

−j
i )

F,         gi(x) := (yi − x)2   
 LLN    . F             pm, 
   LLN.

In practice: W          . I , 
    ;       ,     
 ,   fairly,         
. O,         . T,  ,
         ,    pν−j     
. T              
. H,       ,    ncal  ,
         . I ,      
, ncal,     . A      S 3.2, 
ncal    ,     LOCO. T        
  ncal:

Proposition 3.6 (B  LOCO’). Given ncal < ∞, assuming Assumption 3 and the consistency of
the regressors pm and pν−j , then

pψLOCO′(j, P0)
ntrain,ntest→∞−−−−−−−−−−→


1 +

1

ncal


ψLOCO(j, P0)

Proof. T                 
  P 3.5,     LLN  ncal. T     
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F   ,   
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T,              ncal(ncal+1).
T   R-CPI:

Denition 3.7 (R-CPI). G  ,    ,    R-CPI
 
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 x(j)
i,k     (14).
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W                
LOCO’.

3.4 Numerical experiments

I  ,   -LOCO      LOCO   
      - . I   ,  
      LOCO,      C  . (2023)
(  LOCO-AC),   -   W  . (2021), 
  P  VIMPY (  LOCO). F  - , 

  pψ0.5CPI  D 3.4,   pψRobust−CPI  D 3.7. W  
  PFI,   S 2.3,          
LOCO            ,   
      .

I    ,      ,     ,
          -. F 
  ,   LOCO-AC        
      W  . (2021). O,   
-        - ,
           . W    ,
 W  . (2021)       LOCO   
    ,         .

I , n            
. T,             
  . T    ,  -   ,  
          . W   5    LOCO 
 W  . (2021)  2     ,     
. M,  CPI    . E    3 
      .

3.4.1 Linear setting

I                
 -  .

Eect of the correlation: W      LOCO   
         ( E A.1). A   F 2, 
    ,       ,       
     . M,  -LOCO   
  ,       ,       
.

T PFI                 
  .

Convergence rates: U      ,     
   06,             
 . O    F 3,          
     ,     . W    -
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F 2: Setting: n = 100, ncal = 100, y = β0X0 + β1X1 + σϵ  σ = ∥Xβ∥2SNR, SNR = 4
 -- , ϵ    G  [β0,β1] = [2, 1]. T   
   . T -     X0  X1. O
      X0,         X1.

             ,  
. T           ,    
-    .

3.4.2 Non-linear setting

I         X ∼ N (µ,Σ)  Σ  T , 
   i, j  ρi−j. T,         y = X0X11X2>0 +
2X3X41X2<0.

I  ,       LOCO   . I,  µ = 0,  
   ( E A.2),  ,   . I       
  (    ),   LOCO      
    . F   ,      LOCO  
W  . (2021). N,    ,   ,     
  ,        ,      . I 
  ,  µ = 0,        . H, 
        ,     
LOCO  W  . (2021)   ,      ,   
 . A,    0.5CPI  R-CPI     
    . F        .

Convergence rates: I F 4,      LOCO   W  .
(2021)    . I ,         
(      ),    PFI . O   ,  -
        ,      ,  
      -      .
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F 3: Setting: ncal = 100, y = β0X0 + β1X1 + σϵ  σ = ∥Xβ∥2SNR, SNR = 4  --
 , ϵ    G  [β0,β1] = [2, 1]. T     
 . T   X0  X1    0.6. T -  
        . O      
X0,         X1.

Eect of the correlation: W         . T 
         X :      µ = 1  F 5  µ = 0
 F 6.

F,  F 5,   ,  , LOCO W  . (2021)  
. M,          ,    
 . I,   n = 100000,         6,   
    F 5. T,     ,    
,            ,    
 .

N,  F 6,   X . A  ,  X0  X1    
 X2   ,       y = X0X1IX2>0 + 2X3X4IX2<0 
   . W           
,     F 6    . H,    
     -. W        ( 
 )  n = 10000,     -    
    . F,        ,
       .

O   , LOCO  W  . (2021)  . W   
,           . E   
  (  ),          
-  (      F 6)        
 (     F 6).

Eect of dimension: I F 7,           
 X. W        . I  ,   
         X0( E A.2). T - 
    . W           
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F 4: Setting: y = X0X11X2>0 + 2X3X41X2<0,  X ∼ N (µ,Σ),  Σi,j = ρi−j,
p = 50, ρ = 06, µ = 1  ncal = 100. T     LOCO  W  .
(2021)  n = 100000. T        ,   
    - .

Correlation eect in a non-linear setting with not-centered X

F 5: Setting: y = X0X11X2>0 + 2X3X41X2<0,  X ∼ N (µ,Σ),  Σi,j = ρi−j,
p = 50, n = 300, µ = 1  ncal = 100. T     LOCO  n = 100000.
T        ,       
- . O  -,     ρ     
  Σ,   T.

       ,        , 
LOCO   W  . (2021)      (    )
           . A,   
    -     .

4 Second internship contribution: Controlled variable selec-

tion using CPI and variants

I  , LOCO      ,        
       . F  ,  ,   S-MDA
( B́  . (2022)),          
S . H,         . W  .
(2021)    ,         
 -  ,      ,      
- . U   ,        .
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Correlation eect in a non-linear setting with centered X

F 6: Setting: y = X0X11X2>0 + 2X3X41X2<0,  X ∼ N (µ,Σ),  Σi,j = ρi−j,
p = 50, n = 300, µ = 0  ncal = 100. T        ,
       - . O  -,    
ρ        Σ,   T. T     
  ψLOCO  n = 10000   LOCO  W  . (2021) (ALOCO),
 R-CPI (AR)   0.5CPI (ACPI).

Dimension eect in a non-linear setting

F 7: Setting: y = X0X11X2>0 + 2X3X41X2<0,  X ∼ N (µ,Σ),  Σi,j = ρi−j,
ρ = 06, n = 300, µ = 0  ncal = 100. T        ,
       - . O  -    
   . T        ψLOCO  n = 10000 
 LOCO W  . (2021) (ALOCO),  R-CPI (AR)   0.5CPI
(ACPI).

F  ,           .
I  ,     ,      
    ,      .

K        . T  
           Xj    X−j

    y. T,         ,
   . T     ( S  P (2020)).

M,  - ,      ,      
     ,        
    LASSO(T (1996)). I,    ,   
      . F,    H0 :=


j : y ⊥⊥ Xj

X−j


    H1 :=

j : y⊥⊥Xj

X−j

   ,  

M    . T,      F D R(FDR) 
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   pS   B  H (1995),       F
D P (FDP),  

FDP(pS) :=

pS H0


pS
  1

FDR(pS) := E

FDP(pS)


 (16)

W    FDP      -   
  . T,        , 
 B  H (1995). H,       
    -,    P R D ( G
(2021)   ). M,          
 ,     -      .
O   ,   B  Y (2001)     ,
       . T   FDR       
:         . T,       
         FDR.

I S 4.1,        . I S 4.2,  
                
             . T, 
S 4.3,            FDR   S
     . F,  S 4.4,      
   FDR,     S 4.5   .

4.1 Mathematical framework of knockos

T        FDR ( C  . (2017)). T 

       X       X    
     y. I  ,         
        j-   ,     
  .

M ,     :  -X ,    
   - .

Denition 4.1 (M-X ). F    X,       X
     :

1. F   s ⊂ 1,    , p,        , ..
(X, X)swap(s)

d
= (X, X).

2. X ⊥⊥ yX.

W              
 .

N,               
            . T   
  .

Denition 4.2 (F   C  . (2017)). I   W = (W1,    ,Wp) ∈ Rp

   Wj 
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1. I       X,   X    y: Wj = wj


X, X


, y

.

2. I   - :

wj


X, X


swap(s)

, y


=




wj


X, X


, y


 j∈s,
−wj


X, X


, y


 j ∈ s

O        L C D (LCD)  
    L      :


b∈R2p

1

2
∥y − [X, X]b∥22 + λ∥b∥1,

    λ        . T,     
         : wj = pbj(λ) − pbj+p(λ).

F,    -     . T  ,  
 

# j ∈ H0 : Wj ≥ t d
= # j ∈ H0 : Wj ≤ −t ≤ # j : Wj ≤ −t 

T,  FDP    

FDP(t) :=
# j ∈ H0 : Wj ≥ t

# j : Wj ≥ t ,

  

zFDP(t) :=
# j : Wj ≤ −t
# j : Wj ≥ t ,

 H0  .
T    ,          

 ,        . T,   W :=
Wj  : j = 1,    , p\0,      FDR       

Tq = 


t ∈ W :

#j : Wj ≤ −t
#j : Wj ≥ t  1

≤ q


,

 +∞  . N,        FDR    
( B  C (2015)). T    FDR      
:

T ⋆
q = 


t ∈ W :

1 + #j : Wj ≤ −t
#j : Wj ≥ t  1

≤ q


 (17)

M, N  . (2020)          BH 
( B  H (1995))     -.
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4.2 Non-exchangeability of knockos: a review of Blain et al. (2024)

T   M-X ,    C  . (2017),    
   . I   ,      G   
      ,     
( 1  D 4.1). H,  ,   - , 
 G ,           
     ,     . T,     
            
          .

T   , B  . (2024)         
    CPI  . T   j-    ,  
   j-     ,     . W
           ,   
 B  . (2024)        .

T,   ,      -   
   G . W        
- .

4.2.1 Non-exchangeability in the Gaussian setting

I           M-X   B  .
(2024)         G . T  ,     
    G,        


X1,    , Xp, X1,    , Xp


∼ N


µ
µ


Σ Σ− (s)

Σ− (s) Σ


,

  s         . W    
           . W  
             ν−j ,  
   Xj  X−j . W        G
      S 3.1.1:

Xj := E

Xj
X−j


+X ′j − E


X ′jX ′−j



=

µj + Σj,−jΣ

−1
−j,−j


X−j − µ−j


+X ′j −


µj + Σj,−jΣ

−1
−j,−j


X ′−j − µ−j



= X ′j + Σj,−jΣ
−1
−j,−j


X−j −X ′−j




W          ,      
,            ,   :

• E

Xj

= E


X ′j + Σj,−jΣ

−1
−j,−j


X−j −X ′−j


= µj 
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• F  j ∈ 1,    , p:

E

Xj − µj

2
= E


X ′j − µj + Σj,−jΣ

−1
−j,−j


X−j −X ′−j

2

= E

X ′j − µj

2
+ Σj,−jΣ

−1
−j,−jE


X−j −X ′−j

 
X−j −X ′−j

⊤
Σ−1

−j,−jΣ−j,j

+ 2E

X ′j − µj


Σj,−jΣ

−1
−j,−j


X−j −X ′−j



= Σj,j + 2Σj,−jΣ
−1
−j,−jΣ−j,−jΣ

−1
−j,−jΣ−j,j − 2Σj,−jΣ

−1
−j,−jΣ−j,j

= Σj,j 

• W   ,   ,        
   (    j ̸= l ∈ 1,    , p):

E

X1 − µ1


(X2 − µ2)


= E


X ′1 − µ1 + Σ1,−1Σ

−1
−1,−1


X−1 −X ′−1


(X2 − µ2)



= Σ1,−1Σ
−1
−1,−1E


X−1 −X ′−1


(X2 − µ2)



(  X ′1 ⊥⊥ X2)

= Σ1,−1Σ
−1
−1,−1Σ−1,2

= Σ1,−1Σ
−1
−1,−1Σ−1,−1 (1,0,    ,0)

= Σ1,2,

   --      Σ−1,2      Σ−1,−1, 
      Σ−1,−1 (1,0,    ,0).

W   ,   ,          
             Σ1,2    . I,
  ,              
       . W        , 
     :

Residuals from independent samples: L X ′ i.i.d.∼ X ′′,      
        :

E

X1 − µ1


X2 − µ2



= E

X ′1 − µ1 + Σ1,−1Σ

−1
−1,−1


X−1 −X ′−1

 
X ′′2 − µ2 + Σ2,−2Σ

−1
−2,−2


X−2 −X ′′−2



= E

Σ1,−1Σ

−1
−1,−1


X−1 −X ′−1


Σ2,−2Σ

−1
−2,−2


X−2 −X ′′−2


( X ′ ⊥⊥ X ′′)

= Σ1,−1Σ
−1
−1,−1E


X−1 −X ′−1

 
X−2 −X ′′−2

⊤
Σ−1

−2,−2Σ−2,2 ( a⊤ = a  a ∈ R)

= Σ1,−1Σ
−1
−1,−1Σ−1,−2Σ

−1
−2,−2Σ−2,2

T        Σ1,2,      - 
     ρ. I  ,    Σ1,−1 = ρ, Σ−1

−1,−1 = 1,

Σ−1,−2 = ρ, Σ−1
−2,−2 = 1  Σ−2,2 = ρ, 

C

X1, X2


= ρ3
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Residuals from the same sample: W        
  ,     :

E

X1 − µ1


X2 − µ2



= E

X ′1 − µ1 + Σ1,−1Σ

−1
−1,−1


X−1 −X ′−1

 
X ′2 − µ2 + Σ2,−2Σ

−1
−2,−2


X−2 −X ′−2



= E

X ′1 − µ1

 
X ′2 − µ2


+ E


Σ2,−2Σ

−1
−2,−2


X−2 −X ′−2

 
X ′1 − µ1



+ Σ1,−1Σ
−1
−1,−1E


X−1 −X ′−1

 
X ′2 − µ2



+ E

Σ1,−1Σ

−1
−1,−1


X−1 −X ′−1


Σ2,−2Σ

−1
−2,−2


X−2 −X ′−2




T    Σ1,2. T      

E

Σ2,−2Σ

−1
−2,−2


X−2 −X ′−2

 
X ′1 − µ1


= −Σ2,−2Σ

−1
−2,−2Σ−2,1

= −Σ2,−2Σ
−1
−2,−2Σ−2,−2 (1,0,    ,0) = −Σ2,1

S,    

Σ1,−1Σ
−1
−1,−1E


X−1 −X ′−1

 
X ′2 − µ2


= −Σ1,−1Σ

−1
−1,−1Σ−1,2

= −Σ1,−1Σ
−1
−1,−1Σ−1,−1 (1,0,    ,0) = −Σ1,2

F,       

E

Σ1,−1Σ

−1
−1,−1


X−1 −X ′−1


Σ2,−2Σ

−1
−2,−2


X−2 −X ′−2



= Σ1,−1Σ
−1
−1,−1E


X−1 −X ′−1

 
X−2 −X ′−2

⊤
Σ−1

−2,−2Σ−2,2

= 2Σ1,−1Σ
−1
−1,−1Σ−1,−2Σ

−1
−2,−2Σ−2,2

T,   ,  

E

X1 − µ1


X2 − µ2


= −Σ1,2 + 2Σ1,−1Σ

−1
−1,−1Σ−1,−2Σ

−1
−2,−2Σ−2,2

S      ,        
              ρ. I,  
,

C( X1, X2) = −ρ+ 2ρ3

W       ,       
  . H,      , ,     
      .

4.2.2 Sequential Conditional Independent Pairs with CPI sampling

W             
  . T         , 
     . O        
        ,     
   . A 1,    S C I P
(A 1  C  . (2017)),      .
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Algorithm 1 S C I P

1: Input: A  X,   
2: Output: A   X
3: for j = 1  p do

4: S Xj  L

Xj
X−j , X1:j−1



5: end for

Algorithm 2 S C I P  CPI 

1: Input: A  X      Dtrain

2: Output: A   X
3: for j = 1  p do
4: R Xj

train  X−j
train,

X1:j−1
train   pν−j  Dtrain

5: P        :

Xj = pν−j


X−j, X1:j−1


+

Xj − pν−j


X−j, X1:j−1

perm

6: C  train knocko       :

Xj
train = pν−j


X−j

train,
X1:j−1

train


+

Xj − pν−j


X−j, X1:j−1

perm

7: end for

M,          . W  
              
    - . T,  ,   
   A 2.

W                
     . T      
 G ,      L 3.1   ,     G
,              ( 
)    G     ,      
 . T,         P 3.3   ,
            
 .

W      -    :    
              
  . I ,         B  . (2024)
         .

4.3 Shapley-Knockos: FDR control using knockos

I  ,        FDR     
      CPI,     ,    . T
     -   , S 
( S 2.2),       - . I  
             ,
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   every variable vs. every variable excluding the studied one    LOCO
 CPI .

F,        , A 2    
G . B    W = (W1,    ,Wp)    j   

Wj = wj([X, X], y) :=

y − pm( X(j))

2
− (y − pm(X))

2
,

 X(j)    X   j-       Xj ,   
      ,     . T,      
- :

wj


X, X


swap(s)

, y


=




wj


X, X


, y


 j ̸= s,

−wj


X, X


, y


 j = s,

 s ∈ 1,    , p. H,   D 4.2,        s, 
    1. T,       FDR ,   
      . O         ,  
              
    . T       LOCO  S
. T,               
        D 4.2. M ,  
 S- :

Denition 4.3 (S-). I    WShap,    W
j
Shap   

W j
Shap :=



x1∈X1, X1×...×xp∈Xp, Xp

(y − pm(x1,    , Xj ,    , xp))2 − (y − pm(x1,    , Xj ,    , xp))2

T,  S-K     K   
         S    
   . W     FDR-     
 K   C  . (2017):

Proposition 4.4 (FDR-   S-K). Under Assumption 2 and assuming
the consistance of the regressors pm and pν−j for each j ∈ 1,    , p, the procedure that consists on
computing the Knockos following Algorithm 2 and using the standard Knockos threshold T ⋆

q dened
in (17) on the Shapley-statistic from Denition 4.3, controls the FDR at level q.

Proof. I    FDR   T 3.4  C  . (2017),   
 : ,     ,  ,     S
. T            S C
I P (A 1  C  . (2017)). T       
   . T    A 2,    
           , 
     . T   ,       
.
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T      S          D 4.2
 . T  ,    

W j
Shap = wj([X, X], y)

:=


x1∈X1, X1×...×xp∈Xp, Xp

(y − pm(x1,    , Xj ,    , xp))2 − (y − pm(x1,    , Xj ,    , xp))2,

,         X ,   X    y. T,  
 - ,        s ⊂ 1,    , p,    l ∈ s, l ̸= j 
 

wj([X, X]swap(s), y) = wj([X, X]swap(s\l), y)

         xl ∈ X l, X l    xl ∈  X l, X l.
T,             s   j- .
I  j-   s,           
   . T,   

wj


X, X


swap(s)

, y


=




wj


X, X


, y


 j∈s,
−wj


X, X


, y


 j ∈ s

F,              C
 . (2017), FDR   .

I  , ,         S .
N,            
  S  . S     S 2.2. F ,
B́  . (2022)      M-C   
. F            
  .

I   ,          FDR,  
    ,   S-. M,   
    every variable vs. every variable excluding the studied one,  
        S-.

4.4 CPI-Knockos: FDR control via approximate knockos

I  ,      CPI ,      
     , ,  . G    pm,  
 j,              
,        j-       .

A  ,           ( T
 . (2021)),        ( C  . (2017)) 
         . I  ,   
T (X,Y, θ)         T ⋆ = T (Xtest, Ytest, pθ)   
 Tj,k = T ( X(j)

test,k, Ytest, pθ)  k ∈ 1,    ,K, j ∈ 1,    p,   j-   
     K . T,  -    
 ,   -       CDF     .
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F , FLOWSELECT (H  . (2022))     
     MCMC-       ,
       . H,   ,   -,
    FDR,     ,       BH
(G (2021)). M,     ,    
  ,              .

I ,      . A    
     CPI       
    ,       -. T    
  ,    PRDS        
 .

C    CPI    C  . (2023),   
  I ,      FDR. T     FDR (16)    ,
   ,          . T  
 I  ,           
  . T       - , 
              
( G (2021)). M,  CPI   C  . (2023)    
   G      I  ,   
  - FDR .

W   X(j)            X  
j-     . W    X     
     .

I  ,      CPI  WCPI,      
       .

Denition 4.5 (CPI-S). G X(j)    j,    CPI-S WCPI

      j   

WCPI(X, X, y)j =

y − pm( X(j))

2
− (y − pm(X))

2


A   S 4.2,          -X 
     ,    X    . N  -
      . H,        FDR.
I,    B  C (2015),      ,   
,        ..,  ,   ϵ ∈ ±1d   
  WCPI,  ϵj = 1   -   ϵj

i.i.d∼ ±1 
R     , 

(W 1,    ,W d)
d
= (ϵ1W 1,    , ϵdW d)

T  ,          X  X(j) 
 - .

Assumption 4 (S- ). G pm    Y  X ,      j,
 

pm(X)− pm( X(j)) ∼ ϵj

pm(X)− pm( X(j))




 ϵj  R     .
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W          m,      0
         ( L 1.2  D 1.1 ). T, 
              . N,
           ,   X−j ,  ...,
     . W         .

example 4.6 (L ). For instance, the linear model satises this property. To see so, we

rst note that pm(X) = pβ⊤X. Therefore, pm(X) − pm

X(j)

= pβj


Xj − X(j)j


. We note that as

stated before, as the regressor improves its accuracy, the pβj → 0 for the null covariates, so that this
dierence tends to 0.

Given ϵ ∈ ±1d a vector of i.i.d. Rademacher variables, we are going to prove that


pm(X)− pm


X(1)

,    , pm(X)− pm


X(d)


d
=

ϵ1

pm(X)− pm


X(1)


,    , ϵd

pm(X)− pm


X(d)


,

which also proofs the property when restricted to the null covariates.
Using the linear assumption, we only need to prove that


X1 − X(1)1,    , Xd − X(d)d


d
=

ϵ1

X1 − X(1)1


,    , ϵd


Xd − X(d)d




We start by noticing that for any j,

Xj− X(j)j = Xj−

E

Xj
X−j


+X ′j − E


X ′jX ′−j


=

Xj − E


Xj
X−j


−

X ′j − E


X ′jX ′−j


,

with X ′ independent from X. Therefore, each coordinate is independent from the rest. Indeed, X is
independent from X ′ and by using the regression model assumption (Assumption 3), Xj−E


Xj X−j



is independent of X−j . To sum up, taking arbitrarily the rst coordinate X1− X(1)1, it is independent
from the rest of coordinates and it can be decomposed as (X1−E


X1X−1


)−(X ′1−E


X ′1X ′−1


), so

it is a dierence of two i.i.d. random variables so we can multiply it with an independent Rademacher
variable giving the result.

E      ,      . G, 
            . F , 
  F 16,         .

W   ,           
,     ,        , 
    . T      8  12      
         . T       
     .

F,      FDR        
.

Theorem 4.7 (FDR-   CPI). Under Assumption 3 and Assumption 4, using the knocko
threshold (17) on the WCPI, the FDR of the CPI procedure is controlled.

Proof. W    

(W 1
CPI,    ,W

d
CPI)

d
= (ϵ1W 1

CPI,    , ϵ
dW d

CPI),

 ϵj = 1  j      R . A ,   
      T 1  2  B  C (2015). W   
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             , .. W j
CPI

d
= −W j

CPI

 j ∈ H0. W      :

W j
CPI =


Y − pm(X(j))

2
− (Y − pm(X))

2

= pm

X(j)
2

− pm(X)2 − 2Y pm

X(j)

+ 2Y pm(X)

=

pm

X(j)

− pm(X)


pm(X) + pm


X(j)


+ 2Y

pm(X)− pm


X(j)


=

pm

X(j)

− pm(X)


pm(X) + pm


X(j)

− 2Y




W    A 4  

pm

X(j)

− pm(X)

d
= pm(X)− pm


X(j)



W               
 −W j

CPI.

W      ,      
-I     CPI ( C  . (2023)),       
   FDR.

W             . T   
         (N  . (2020)). N,  
  ,        ,       
. T      . O     
     . F ,    N  . (2020)
        -    CDF    
H R T (T  . (2021)).

4.5 Experiments on the power of the statistic

I  ,           . T 
,      pm(X)− pm( X(j))    j,     
 ,   A 4. T    ,  K-S 
  . W         -   
     . N,          
  . T,          (
). W       ,      
      . I  ,        
    ,      . F,   
         . W      
  0,      ,      ,
    T 4.7,    FDR    
   C  . (2017).

I ,           pm   y  X,
          pν−j     

 X(j). F  ,       n = 1000,  700   
  pm  pν−j   j,  300        
,    .
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Linear setting:    y  X         d = 500.
T      X   ρ T , ..    
 i  j  ρi−j. W  ρ = 06.

I F 8     A 4  . T     
  - ,      - ,  
             .

W     ,     ,   
    . T        .

Sign-ip dierence assumption in a linear setting

F 8: Setting: y = X0 −X1 + 2X2 +X3 − 3X4, ntrain = 700, ntest = 300  d = 500. E
     . T,       
   ’           
    .

I F 9,             ,   
   ,      . H,  F 10,
      ,         
   .

I F 11,          0  , 
    T 4.7. A,         0
     ,         ,
       .

High-dimensional linear setting: I         
         ,     
d = 5000. T        ,        
 . N,            
   F 14.

I F 12,  ,     A 4  . T   
    - ,      - , 
              .

I F 13,             ,  
    ,      .H,  F 14,
      ,         
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F 9: Setting: y = X0 −X1 +2X2 +X3 − 3X4, ntrain = 700, ntest = 300  d = 500. E 
  . O  x-,         ,  
 y-,            . T
              .

  . A          ,  
   ,             , 
  .

I F 15,          0  , 
    T 4.7. A,         0
     ,         ,
       . W        
,          .

Non-linear setting: I      -     y  
 X,   y = X0X11X2>0 + 2X3X41X2<0. T      
     T   ρ = 06. T      1. T
          . W         
.

F,    F 16      A 4  . S,
                
     . A      F 18,   
            .
H,          . W    
,         ,       
   ,      0       ,  
 X2    1.

I F 17,             , 
     ,      ,   X2, X3

 X4. H,  F 14,       ,    
        . O       
    .

I F 19,          0  , 
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F 10: Setting: y = X0 − X1 + 2X2 + X3 − 3X4, ntrain = 700, ntest = 300  d = 500.
I          . O  x-,   
  ,    y-,          
  . T          
    .

    T 4.7. A,         0
     ,         ,
       . W  ,     
 ,            .

5 Conclusion/ Perspectives

5.1 Conclusions

T            . F, 
   - ,   LOCO  S ,  
  ,         
 . O   ,  -     
 ,         . T
 ,          
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F 11: Setting:y = X0 − X1 + 2X2 + X3 − 3X4, ntrain = 700, ntest = 300  d = 500. I
               
           .

LOCO,       LOCO. T      
       . A,    
   ,          
.

I      ,        
          .
W    S-        
,         F D R 
   . T          , 
     CPI. T   ,    CPI-
 ,        ,   FDR  
 . T       CPI   ,
  ,           . B 
 ,           
  . M,        H R T
,            
  -,        .
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F 12: Setting: y = X0 − X1 + 2X2 + X3 − 3X4, ntrain = 700, ntest = 300  d = 5000.
E      . E      
   ’           
    .

5.2 Perspectives

M        ,     
      . F ,      CPI-
    --- ,    C  . (2017),  
    LASSO         
   . T      . H,   
    - ,          pm. W 
   - ,          .

A,     B  . (2023),       F
D R,      F D P,    
. A ,         F D P
              
  .

M,      CPI-   ,  
     ( N  . (2020)). F    
        .

F,            ,   
         . F ,   ,
     ,         
. T          ,    
      ,     . T    
      S ,     ,   
           .
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F 13: Setting: y = X0 −X1 + 2X2 +X3 − 3X4, ntrain = 700, ntest = 300  d = 5000. E
   . O  x-,         ,
   y-,            .
T               .

References

A, A., B, C., D, A.,  S, E. (2022). M     
   .

B, R. F.  C, E. J. (2015). C      . The
Annals of Statistics, 43(5):2055 – 2085.

B, Y.  H, Y. (1995). C    :    
   . Journal of the royal statistical society series b-methodological,
57:289–300.

B, Y.  Y, D. (2001). T         
 . The Annals of Statistics, 29(4):1165 – 1188.

B, A., T, B., G, O.,  N, P. (2023). F    
 .

B, A., T, B., L, J.,  N, P. (2024). W  :  
 -  .

B, L. (2001). R . Machine Learning, 45(1):5–32.

B́, C., B, G.,  V, S.,  S, E. (2022). S: F    
   .

B́, C.,  V, S.,  S, E. (2022). MDA   : ,  
    S-MDA.

C, E., F, Y., J, L.,  L, J. (2017). P  : M-  
-   .

43



Averaged approximate-knocko statistic in a high-dimensional linear setting

F 14: Setting: y = X0 −X1 + 2X2 +X3 − 3X4, ntrain = 700, ntest = 300  d = 5000. T
          . O  x-,   
  ,    y-,          
  . T          
    .

C, A., E, D. A.,  T, B. (2023). S   
   .

C, I., L, S. M.,  L, S. (2020). E  : A   
 . CoRR, /2011.14878.

G, C. (2021). Introduction to High-Dimensional Statistics. C  H/CRC, 2
.

H, D., M, B.,  R, J. (2022). N   -  
.

H, T.  S, A. (1996). I       
. Reliability Engineering & System Safety, 52(1):1–17.

K, I. E., V, S., S, C.,  F, S. (2020). P 
--     .

L, A. D. R., A, A., B, C.,  S, E. (2024). H -- 
     .

L, S. M.  L, S. (2017). A      . CoRR,
/1705.07874.

M, N. M, P. (2023). A Method for Handling Missing Values in Prediction Applications.
R   0.1.0.

M, X., Z, B., Z, F.,  H, J. (2021). P-    
      . Nature Communications, 12(1):3008. P:
21 M 2021.

44



Null covariates approximate-knocko statistic distribution in a high-dimensional linear
setting

F 15: Setting:y = X0 − X1 + 2X2 + X3 − 3X4, ntrain = 700, ntest = 300  d = 5000. I
               
           .

M, C., K̈, G., H, J., F, T., D, S., S, C. A., C, G.,
G-W, M.,  B, B. (2021). G   - 
    .

N, T.-B., C, J.-A., T, B.,  A, S. (2020). A  M K.
I ICML 2020 - 37th International Conference on Machine Learning,  119  P
  ICML 37 I C  M L,, V / V, A.

O, A. B. (2014). S’    . SIAM/ASA Journal on Uncertainty Quanti-
cation, 2(1):245–251.

P, G., N, E., R, D. J., M, S.,  L, B. (2021).
N      .

S, E., B, G.,  V, J.-P. (2015). C   . The Annals of Statistics,
43(4).

S, M., K, E., B, S., C, E.,  S, C. (2020). M- 
     . Nature Communications, 11(1):1093.

45



Sign-ip dierence assumption in a non-linear setting
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Approximate-knocko statistic for 10 observations in a non-linear setting

F 17: Setting: y = X1X21X3>0 + 2X4X51X3<0, ntrain = 700, ntest = 300  d = 500. E
   . O  x-,         ,
   y-,            .
T               .

Averaged approximate-knocko statistic in a non-linear setting

F 18: Setting: y = X1X21X3>0 + 2X4X51X3<0, ntrain = 700, ntest = 300  d = 500. I
         . O  x-,    
 ,    y-,           
 . T              
.
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Null covariates approximate-knocko statistic distribution in a non-linear setting

F 19: Setting:y = X1X21X3>0 + 2X4X51X3<0, ntrain = 700, ntest = 300  d = 500. I
               
           .
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A Some explicit LOCO examples

example A.1 (LM   G ). Given two Gaussian coviates X0 and X1 with
a correlation ρ we note that under the linear model setting Y = β0X0 + β1X1 + ϵ, LOCO can be
expressed as

ψLOCO(j, P0) = E

(m(X)−m−j(X

−j))2


= β2
jE


(Xj − E


Xj X−j


)2


= β2
jE


(Xj − E


Xj


− C(Xj , X−j)

V(X−j)
(X−j − E


X−j


))2



= β2
j


V(Xj) +

C(Xj , X−j)2

V(X−j)
V(X−j)− 2

C(Xj , X−j)2

V(X−j)



= β2
j


V(Xj)− ρ2

V(X−j)




example A.2 (E LOCO   - ). In this example we will recover the example of
no-linear setting from Bénard et al. (2022b) but changing the input covariance matrix to obtain more
complex relationships between the covariates. Indeed, we will have y = αX0X11X2>0+βX3X41X2<0,
where X is p-dimensional centered Gaussian with a Toeplitz covariance matrix where the i, j-th entry
is given by ρi−j. In this setting, we are going to compute the LOCO for the covariate X0.

First, we observe that

m−0(X
−0) = E


m(X)X−0


= αE


X0X−0


X11X2>0 + βX3X41X2<0

Then, we can develop LOCO as

ψLOCO(0, P0) = E

(m(X)−m−0(X

−0))2


= E

αX11X2>0


X0 − E


X0X−0

2

= α2E

(X1)21X2>0


X0 − E


X0X−0

2

= α2E

(X1)21X2>0


E

X0 − E


X0X−0

2
 ( X0 − E


X0X−0


⊥⊥ X−0)

The rst term is exactly Σ1,12. To see this, we rst observe that as the covariates are centered
and symmetrical, then E


(X1)21X2>0


= E


(X1)21X2<0


. Therefore, we have that

Σ1,1 = E

(X1 − E


X1


)2

= E


(X1)2


= E


(X1)2(1X2>0 + 1X2<0)


= 2E


(X1)21X2>0


,

where we have used that E

X1


= 0. We also observe that as it is a Toeplitz matrix, Σ1,1 = 1. Then,

ψLOCO(0, P0) = α22E

X0 − E


X0X−0

2
= α22E


V(X0X−0)


 Note that as it a Gaussian

vector, the variance is exactly Σ0,0 − Σ0,−0Σ
−1
−0,−0Σ−0,0. We also observe that as it is a Toeplitz

matrix, we have the property that Σ−0,0 = ρΣ−0,1 = ρΣ−0,−0(1,0,    ,0)
⊤. Thus, we can develop the

last term as

E

V(X0X−0)


= Σ0,0 − Σ0,−0Σ

−1
−0,−0Σ−0,0

= 1− ρΣ0,−0Σ
−1
−0,−0Σ−0,−0(1,0,    ,0)

⊤

= 1− ρΣ0,−0(1,0,    ,0)
⊤

= 1− ρ2
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Combining the previous, we conclude that, in this setting, ψLOCO(0, P0) = (1− ρ2)2 Similarly, for
the rst covariate we obtain ψLOCO(1, P0) = ρ22(1− Σ1,−1Σ

−1
−1,−1Σ−1,1).
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